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The multilayer band structure of black phosphorus (BP) is highly anisotropic, and its bandgap is tunable by applying a perpendicular electric
field Ez . Within a linear response theory, we study dc and ac transport in few-layer BP, as functions of the Fermi energy, temperature, or fre-
quency, in the presence of a Zeeman field. The current response to an in-plane electric field along two perpendicular directions is aniso-
tropic and reflects that of the energy spectrum. In addition, we study the Hall conductivity and power absorption spectrum. The Hall
conductivity vanishes, but the power spectrum P(ω) shows a considerable structure as a function of the normalized frequency α ¼ hω=2Δ
and/or of the bandgap 2Δ tuned by Ez. In particular, a clear maximum occurs in the difference between spin-up and spin-down contribu-
tions to P(ω). When potassium (K) atoms are deposited on top of BP, the anisotropy in the current response is stronger and the power spec-
trum is further modified. The results may be pertinent to the development of phosphorene-based applications.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5129273
I. INTRODUCTION
Phosphorene, a monolayer of black phosphorus (BP), has
attracted great attention among two-dimensional (2D) materials1
due to its puckered and highly anisotropic electronic band
structure.2–4 It exhibits promising carrier mobilities,5 a direct
bandgap of 2.0 eV,6 and unique anisotropic mechanical and trans-
port properties useful for device applications. Many experimental
works are devoted to its material growth, its physical characteriza-
tion, and device explorations.2,3,7,8 There are several theoretical
investigations dealing with its electronic band structure,9 dc magne-
totransport in the presence of periodic modulations,10 its aniso-
tropic optical properties,11,12 plasmons,13 topological and edge
states,14 strain-induced topological phase transitions,15 anisotropic
composite fermions,16 electron–substrate phonon coupling,17 and
the tuning of its bandgap by an electric field.18 Moreover, transport
properties have also been studied in bilayer phosphorene and show
a bandgap tuning due to the layered structure.19,20
Recently, there has been a great interest toward multilayer
BP21–31 in which the gap decreases upon increasing the number of
layers owing to the relatively strong van der Waals interactions
between them but remains direct. In particular, few-layer BP
possesses a unique band structure, with a dispersion nearly linear
along the armchair direction but parabolic along the zigzag direc-
tion.32,33 This unique structure leads to the expectation that by
reducing the bandgap, novel features may result, e.g., in the forma-
tion of Dirac cones as in semimetallic graphene. By creating a few-
layer BP structure (either 4 layers or around 10–20 layers), the gap
has been significantly reduced to 300 meV.34,35 Moreover, by
doping or applying a perpendicular electric field to thick multilayer
BP,34,35 the bandgap can be reduced to 50 meV or vanish. Indeed,
the electrostatic potential and charge distribution across a BP
sample are controlled by the energetic balance between the
induced interlayer capacitance and kinetic energy terms, which
strongly depend on the thickness of the sample.36–38 This makes
BP a promising candidate for electronic25–30 and optical
applications.39–44 Furthermore, the multilayer BP crystal structure
is highly anisotropic and gives rise to phenomena such as aniso-
tropic electronic and thermal transport,45–47 linear dichroism,25,45
and anisotropic plasmons.37 Additionally, owing to its heavily
puckered structure, multilayer BP is highly tunable by strain27,48
and electric field.34,49 Moreover, field-effect transistors, the
quantum Hall effect, and related transport properties have been
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experimentally studied in the presence of a finite or zero
magnetic.50–59 However, to our knowledge, transport properties of
multilayer BP have not yet been considered; in our opinion, their
study should be undertaken.
In this work, we consider multilayer BP in the presence of a
Zeeman field, which creates significant spin splittings. Recently, an
enhanced g-factor (5:7+ 0:7) and large Zeeman splittings have
been experimentally realized in multilayer BP.59 In some detail, we
analytically and numerically evaluate the dc and ac conductivities
of such a system in the framework of a linear response theory.60,61
In addition, we evaluate the Hall conductivity and power absorp-
tion spectrum and assess their dependence on the Zeeman field
and bandgap. The basic expressions are given in Sec. II and numer-
ical results in Sec. III. Section V deals with BP when potassium (K)
atoms are deposited on its top. A summary follows in Sec. VI.
II. FORMALISM
A. Energy spectrum and eigenfunctions
Multilayer BP is a highly anisotropic material with different
properties along the x and y directions due to its puckered struc-
ture. The one-electron Hamiltonian has the form
H0 ¼
0 Δþ h2k2x2m*  ihvFky
Δþ h2k2x2m* þ ihvFky 0
 !
, (1)
where38 Δ ¼ 0:18 eV is the mass term that gives rise to a bandgap
of 2Δ. Furthermore, m* ¼ 1:42me is the electron mass in the x
direction and vF ¼ 5:6 105 m=s is the Fermi velocity along the y
direction.38 Including the Zeeman field, the total Hamiltonian
reads
H ¼ H0 þ szΔzI2, (2)
where I2 is the 2 2 identity matrix. The Zeeman term can be
induced by a ferromagnetic substrate or by appropriate doping.
Moreover, recently, an enhanced g-factor (5:7+ 0:7) and large
Zeeman splittings have been experimentally realized recently59 in
multilayer BP. The value of Zeeman splitting for B ¼ 35 T (used in
Ref. 59) is Δz ¼ 10meV, but we will use the value Δz ¼ 50meV
throughout this work since, by using an appropriate substrate such
as EuO, one can achieve Zeeman field values in the range of
14 meV–184 meV.62 The eigenvalues of the Hamiltonian (2) are













where tanw ¼ hvFky=[Δþ h2k2x=(2m*)].
In Fig. 1, we show the energy dispersion vs momentum along
the x direction (ky ¼ 0) in (a) and the y (kx ¼ 0) one in (b). Along
the x direction, the energy dispersion is parabolic, while along the
y one, it is linear. At a certain momentum, kc ¼ 1:3 1010 m1,
they coincide, that is, when E(kc, 0) ¼ E(0, kc). The solid black
curve corresponds to spin-up electrons, while the dashed one to
spin-down electrons.
The density of states D(E) is obtained from
D(E) ¼Pζ δ(E  Eζ)/ Ð δ(E  Eζ)dkx dky . The integration over
ky can be carried out analytically, but the one over kx involves the
elliptic integral F(z) and is cumbersome. To avoid that, we evaluate
D(E) numerically and show it in Fig. 2. The solid black curve is for
spin-up electrons and the red dotted one for spin-down electrons.
It can be seen that the abrupt change occurs at E+ ¼ Δ+ Δz .
B. Conductivities
We adopt the Kubo-type formulas of Ref. 60, which are valid
for weak electric fields and weak scattering. The conductivity
tensor has a diagonal and nondiagonal part, σμν ¼ σdμν þ σndμν . In
the absence of a magnetic field and for elastic scattering, the part







fζ(1 fζ ) vνζ vμζ τζ1þ iωτζ , (5)
where ω is the frequency, τζ the relaxation time, and vμζ the diago-
nal matrix element of the velocity operator, vμζ ¼ hζjvμjζi
FIG. 2. Density of states as a function of the normalized energy E=Δ, for
spin-up (solid black curve) and spin-down (red dotted curve) electrons.
FIG. 1. Energy dispersion vs momentum along the x direction in (a) and the y
one in (b). The solid (dashed) curves correspond to spin-up (spin-down)
electrons.
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(μ ¼ x, y), with jζi ¼ jγ, sz , ki and S the area of the system.
Furthermore, fζ is the Fermi–Dirac distribution, β ¼ 1=kBT , and T
the temperature.
The velocity operators are vx ¼ hkx=m*σx and vy ¼ vFσy ,
where σx and σy are the Pauli matrices. We find that
vxζ ¼ γζ (hkx=m*) cosw, (6)
vyζ ¼ γζvF sinw: (7)







jhζjU(r)jζ 0ij2δ(Eζ  Eζ 0 )(1 cos ν), (8)
where ni is the concentration of impurities, U(r) their potential,
and ν the angle between the initial (k) and final (k0) electron wave
vectors. We have chosen a moderate value for the impurity concen-
tration ni ¼ 108 cm2; the corresponding time relaxation is on the
order of 1014 s.
Using Eqs. (5)–(7), we can evaluate the conductivities σxx and
σyy . Relatively simple results are obtained for low temperatures,
allowing the approximation βfζ (1 fζ)  δ(Eζ  EF) and constant








δ(Eζ  EF) v2μζ : (9)
If τ is not taken as constant but is evaluated from Eq. (8), the result
becomes unwieldy. We resort to a numerical evaluation of Eq. (9)
with τζ obtained from Eq. (8). Notice though that, whether we use
Eq. (5) for μ ¼ ν or Eq. (9), on account of Eqs. (6) and (7), we will
have σxx = σyy ; that is, the current response is asymmetric with
respect to the x and y directions. Also, for simplicity, we neglect
the difference in the effective mass of the conduction and valence
bands because it is very small.38 We do so in all results and use the
value m* ¼ 1:42me.
As far as the contribution σndμν is concerned, one can cast the






(fζ  fζ 0 ) vνζζ 0 vμζ 0ζ
(Eζ  Eζ 0 )(Eζ  Eζ 0 þ hω iη)
, (10)
where vνζζ 0 ¼ hζjvν jζ 0i and vμζ 0ζ ¼ hζ 0jvμjζi are the off-diagonal
matrix elements of the velocity operators with ν, μ ¼ x, y and
jζi = jζ 0i. From now, we replace the infinitesimal quantity η in
Eq. (10) by Γζ in order to account for the broadening of the energy
levels.58 The corresponding off-diagonal matrix elements are
vxζζ 0 ¼ (hkx=2m*)(γζeiwζ þ γζ 0eiwζ0 )δk,k0 , (11)
vyζ 0ζ ¼ (ivF=2)(γζ 0eiwζ0  γζeiwζ )δk,k0 , (12)
with ζ 0 = ζ . This describes interband transitions only.






(fζ  fζ 0 ) kxγζγζ 0 sin(2wζ )
(Eζ  Eζ 0 )(Eζ  Eζ 0 þ hω iη)
: (13)
The integral over kx in Eq. (13) vanishes because the integrand is
an odd function of kx (wζ is an even function of kx ). Accordingly,
σndyx vanishes identically.
III. NUMERICAL RESULTS
Below, we present numerical results for the conductivities
given by Eqs. (5)–(8) and (10). The main reason is that the integra-
tions over kx and ky lead to very cumbersome results involving
elliptic integrals even in the simplest case of Eq. (9).
A. dc transport
First, we present numerical results for the diagonal part σdxx
[panel (a)] and σdyy [panel (b)] according to Eq. (5) in Fig. 3 as a
function of the normalized Fermi energy ϵF ¼ EF=Δ assuming the
Zeeman field Δz ¼ 50meV and T ¼ 50K (solid black curve). The
red dashed curve corresponds to smaller Δ ¼ 0:1 eV while keeping
the Zeeman field unchanged. It can be seen that the conductivities
σdxx and σ
d
yy decrease monotonically when the Fermi level EF is in
the valence band, then it vanishes for EF in the bandgap since
there are no states to contribute to it, and finally rise again when
EF is in the conduction band.
As for the components σndxx , σ
nd
yy , we do not show them
because for ω ¼ 0 and μ ¼ ν, one can interchange the indices
ζ and ζ 0 in Eq. (10) and take half the sum. Then, one finds
σndxx (0) ¼ 0 for η ¼ 0 or σndxx (0)  σdxx(0) for η  0. The same
holds for the component σndyy .
Next, in Fig. 4, we present results for the spin difference in
the diagonal conductivity Δσdii ¼ σdii(sz ¼ þ1) σdii(sz ¼ 1),
(i ¼ x, y) vs the normalized Fermi energy ϵF ¼ EF=Δ. The blue
dashed and red dotted curves correspond to spin-up and spin-down
components, respectively. As can be seen from the figures, the spin
difference is large for negative values of ϵF , then it becomes zero in
the bandgap region (since there are no available states to contribute
to it), and then it reaches large negative values for positive ϵF . The
reason for the negative values of Δσdii for positive ϵF is the fact that
FIG. 3. The diagonal conductivity σdxx (a) and σ
d
yy (b) vs normalized Fermi
energy ϵF ¼ EF=Δ, at T ¼ 50 K. The black solid curves are for Δ ¼ 0:18 eV
and the red dashed ones for smaller Δ ¼ 0:1 eV.
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σdii(sz ¼ þ1) is smaller than σdii(sz ¼ 1), and the spin-up subband
is shifted upward and becomes less populated. Notice that the ampli-
tude in Fig. 4(a), when not vanishing, is approximately three times
larger than that in Fig. 4(b). The amplitudes in Figs. 3(a) and 3(b)
show a similar behavior.
B. ac transport
In this section, we evaluate the conductivities for finite fre-
quency, level broadening, and temperature. We assume that the
level broadening Γζ is the same for all levels, i.e., Γζ  Γ.58
In Fig. 5(a), we show the real part of the diagonal part of the
ac conductivity σdxx(ω), given by Eq. (5), and in Fig. 5(b) the non-
diagonal part, σndxx (iω), obtained from Eq. (10), as functions of
the normalized frequency α ¼ hω=2Δ. The solid curves are for
Γ ¼ 20meV and the dotted ones for Γ ¼ 1meV. It can be seen
that σdxx monotonically decreases in agreement with the denomina-
tor in Eq. (5), while in Fig. 5(b), σndxx (ω) increases rapidly after
α0 ¼ 2. Notice also that the cusps in Fig. 5(b) are more noticeable
for weaker disorder Γ ¼ 1meV.
Next, in Fig. 6(a), we show the real part of the diagonal part
of the ac conductivity σdyy(ω), given by Eq. (5), and in Fig. 6(b) the
nondiagonal part, σndyy (iω), given by Eq. (10). It can be seen that σ
d
yy
monotonically decreases in agreement with the denominator in
Eq. (5), while in Fig. 6(b), σndyy (ω) shows two peaks at α0  2:7 and
α0  4 that are more clearly seen for the weaker disorder
Γ ¼ 1meV. These peaks are associated with interband transitions
and are similar to those of Ref. 63 with x and y interchanged in
line with its adopted Hamiltonian; see Figs. 4(a)–4(c) in Ref. 63.
They do not occur in σndxx (ω) because the relevant transitions are
forbidden.63,64 Notice though that in the dc limit, σndyy (0) and
σndxx (0) do vanish only approximately; this is because we used a
finite Γ;58 see Sec. III A. We further notice that the scattering-
depending conductivities σdyy(iω) and σ
d
xx(iω), which were not eval-
uated in Ref. 63, are the dominant ones for very low frequencies ω.
IV. POWER SPECTRUM
The average power absorbed from circularly polarized light of
frequency ω and electric field E (within linear response theory) is
given by
P(ω, sz) ¼ (E2=2)Re{σxx(iω, sz)þ σyy(iω, sz)
 iσxy(iω, sz)þ iσyx(iω, sz)}:
(14)
We point out that σndxy (iω, sz) ¼ σndyx (iω, sz) ¼ 0. We also have
σdyx(iω, sz) ¼ σdxy(iω, sz) ¼ 0; see Ref. 60.
In Fig. 7, we show the power spectrum as a function of the
normalized frequency α0. The common parameters are level broad-
ening Γ ¼ 20meV58 and temperature T ¼ 300K. Furthermore,
EF ¼ 0:1 eV for the solid and EF ¼ 0:3 eV for the dashed curve.
We observe a maximum at α0 ¼ 2:25 when the Fermi level
lies in the bandgap (EF ¼ 0:1 eV). Upon comparing with our
similar work on MoS2 (Ref. 65), we see that in MoS2, we observed
FIG. 4. The spin difference in the diagonal conductivity (solid black curve) Δσdxx
(a) and Δσdyy (b) vs normalized Fermi energy ϵF ¼ EF=Δ, at T ¼ 50 K. The
blue dashed (red dotted) curve corresponds to the spin-up (down) component.
FIG. 5. The real parts of (a) σdxx (ω) and (b) σ
nd
xx (ω) vs normalized frequency
α ¼ hω=2Δ for EF ¼ 0:3 eV. The solid curves are for Γ ¼ 20 meV and the
dotted ones for Γ ¼ 1 meV.
FIG. 6. As in Fig. 5 for σdyy (ω) in (a) and σ
nd
yy (ω) in (b).
FIG. 7. Power spectrum vs normalized frequency α0 for two values of the
Fermi energy: EF ¼ 0:1 eV (solid curve) and EF ¼ 0:3 eV (dashed curve). The
temperature is T ¼ 300 K.
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a dip between α0 ¼ 0 and α0 ¼ 2, whereas here, we have a dip
until α0 ¼ 1:75. The maximum at α0 ¼ 2:25 occurs because the
denominator in Eq. (10) approaches zero whenever
hω  Ec  Ev  2Δþ 2Δz . On the other hand, when the Fermi
level is in the conduction band (EF ¼ 0:3 eV), the maximum
occurs later at α0 ¼ 3:0.
We now consider the two spin directions separately and write
P(ω) ¼ P(ω, sz ¼ þ1)þ P(ω, sz ¼ 1): (15)
In Fig. 8(a), we show the spin components of the power spectrum
vs normalized frequency for a Zeeman field Δz ¼ 50meV. The
solid curve shows the spin-up component and the dashed curve the
spin-down one. The curves are shifted by an amount on the order
of 2Δz . In Fig. 8(b), we show the difference of the two components
in (a), ΔP(ω) ¼ P(ω, sz ¼ þ1) P(ω, sz ¼ 1), vs normalized fre-
quency. One can see a clear maximum at α0 ¼ 2:1 approximately
when the power spectrum has a maximum.
Finally, we investigate the effect of tuning the bandgap (by,
e.g., Ez) on the power spectrum. In Fig. 9, we show the power spec-
trum vs Δ at fixed α0 ¼ 3:75 and for two values of the Fermi level,
EF ¼ 0:1 eV (solid curve) and EF ¼ 0:3 eV (dashed curve). It can
be seen that the curve for EF ¼ 0:1 eV decreases monotonically
with Δ, while the curve for EF ¼ 0:3 eV exhibits a steplike behavior.
Furthermore, after Δ  0:23 eV, the two curves coincide.
V. BP WITH POTASSIUM (K) DEPOSITED ON ITS TOP
In this section, we investigate the electronic properties of four-
layer black phosphorus when potassium (K) atoms are deposited
on its top. When one introduces one K atom per 2 2 surface unit
cell of four-layer BP, the band calculations of Ref. 38 show that the
low-energy excitations near the Dirac point can be approximated,
in terms of the Pauli matrices, by
H0 ¼ hvFxk0xσx þ hvFykyσy , (16)
where vFx ¼ hkD=m* is the velocity along the zigzag direction at
the Dirac point, vFx ¼ 0:86 105 m=s, and k0x ¼ kx  kD is
the value of kx with respect to the position kD of the Dirac
point in the k space. The bandgap is jEg j ¼ h2k2D=m*. Furthermore,
vFy ¼ 2:8 105 m=s is the velocity along the armchair direction.
The eigenvalues are
Eγ0 ,k,sz ¼ szΔz þ γ 0[(hvFx(kx  kD))2 þ (hvFyky)2]1=2: (17)










with tanw0 ¼ hvFyky=(hvFx(kx  kD)). The velocity matrix elements
are vxζ ¼ γ 0vFxcos(w0)δk,k0 and vyζ ¼ γ 0vFysin(w0)δk,k0 . In Figs. 10(a)
and 10(b), we show the diagonal conductivity σdxx and σ
d
yy vs nor-
malized Fermi energy ϵF ¼ 2EF=Eg , at T ¼ 50K for BP with
deposited potassium (K) on its top. It can be seen that the diagonal
conductivity along the x direction is of the same magnitude as for
pristine four-layer BP, while that along the y direction is consider-
ably larger. The discrepancy along the y direction with the pristine
BP is due to a different angle w0 in the eigenfunctions.
Finally, we show (Fig. 11) the power spectrum vs the normal-
ized frequency α0 for BP with deposited potassium (K) atoms on
its top. The results are given for two values of the Fermi energy
EF ¼ 0:1 eV (solid black curve) and EF ¼ 0:3 eV (red dashed
curve). Comparing these results with those for pristine BP, shown
in Fig. 7, one can conclude that when the Fermi level is higher
(EF ¼ 0:3 eV), the values of the power spectrum are larger for
FIG. 8. (a) Spin-up (solid curve) and spin-down (dashed curve) contributions to
the power spectrum vs normalized frequency α0 for EF ¼ 0:1 eV. The Zeeman
field is Δz ¼ 50 meV and the temperature is T ¼ 300 K. (b) Difference between
the two contributions of (a) vs normalized frequency α0.
FIG. 9. Power spectrum vs mass term Δ at fixed α0 ¼ 3:75 for EF ¼ 0:1 eV
(solid curve) and EF ¼ 0:3 eV (dashed curve). The Zeeman field is Δz ¼
50meV and the temperature is T ¼ 300 K.
FIG. 10. The diagonal conductivity σdxx (a) and σ
d
yy (b) vs normalized Fermi
energy ϵF ¼ 2EF=Eg, at T ¼ 50 K for BP with potassium (K) atoms deposited
on its top.
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smaller α0 and that the spectrum has a local minimum for
α0 ¼ 3:0. The initial large value for EF ¼ 0:3 eV is due to the large
conductivity σdyy. On the other hand, when the Fermi level is in the
bandgap, EF ¼ 0:1 eV, there is a flat region for 1:5 , α0 , 3:5,
which is absent in pristine BP.
VI. SUMMARY
We calculated the ac and dc conductivities of few-layer
phosphorus within the linear response transport approach.
Though not explicitly shown, we can affirm that the nondiago-
nal components σndxx (iω, sz) and σ
nd
yy (iω, sz) of the optical con-
ductivity remain almost unaffected up to approximately 300 K.
This is because they depend very weakly on any interaction
through the value of Γ. For the diagonal components σdxx(iω, sz)
and σdyy(iω, sz) though, we cannot affirm that because at high
temperatures, an electron–phonon interaction takes place, which
was not taken into account. Notice that for the electron–impu-
rity interaction treated here, the dc limit (ω ¼ 0) of σndxx (iω, sz)
and σndyy (iω, sz) is almost zero, and the components σ
d
xx(iω, sz)
and σdyy(iω, sz) dominate. These contributions to the current
were not evaluated in Ref. 63.
The power spectrum P(ω) depends on the mass term Δ, tuned
by the external electric field Ez , and slightly on the Zeeman field.
Notice, however, that a clear maximum occurs in the difference
between the spin-up and spin-down components of P(ω) when
plotted vs the normalized frequency α; cf. Fig. 8(b).
The above results can be contrasted with those on bilayer
WSe2.
66 Here, there is no spin or valley Hall transport, as in
Ref. 66, since the relevant Hamiltonian terms are not present in
Eq. (1). However, the power spectrum P(ω) vs ω shows a similar
but somewhat simpler structure than in Ref. 66. On the other hand,
the asymmetry of the spectrum (3) leads to results, e.g., those of
Figs. 4, 6, and 10, which are absent in Ref. 66.
Finally, we contrasted the pristine BP results with those for a
four-layer BP when potassium (K) atoms are deposited on its top.
We found that the anisotropy in the current response is stronger,
and the power spectrum is further modified in the latter case. We
expect the results to be useful in the development of phosphorene-
based applications.
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